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GENERALIZED MAXWELL METHOD FOR CALCULATION OF EFFECTIVE
CONDUCTIVITY OF MATRIX COMPOSITE MATERIALS

An anisotropic medium with an array of anisotropic ellipsoidal inclusions is considered. The generalized
Maxwell method is used for calculation of the effective conductive properties of such medium. The predic-
tions of the method are compared with the results of other self-consistent schemes known in literature.
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INTRODUCTION

Heterogeneous random media have been the ob-
jects of extensive studies of engineers, physicists,
and mathematicians for about two centuries. This
interest is connected with an important role of ran-
dom media in the material science and technology.
Composites and nanomaterials, geological struc-
tures, metals and polymers in a certain scale are
examples of heterogeneous media with random mi-
crostructures. An important class of heterogeneous
materials is the so-called matrix composites. Such
materials consist of the homogeneous host medium
(matrix) and multiple isolated inhomogeneities of
random shapes and properties (pores, cracks, inclu-
sions). The homogenization problem is the calcula-
tion of effective physical properties of the compo-
sites. If the effective (overall) properties are known,
the heterogeneous medium may be replaced by a ho-
mogeneous medium with the same response to the
external loading.

The main difficulty in the solution of the homo-
genization problem is in taking into account inter-
actions between many randomly placed inclusions
(the many-particle problem). For the materials with
random micro-structures, it is impossible to obtain
an exact solution of this problem, but only approxi-
mations are available.

In theoretical physics, there is a group of efficient
methods (the so-called self-consistent methods) for
constructing approximate solutions of many particle
problems. Using physically reasonable hypotheses
these methods reduce the many particle problem to
the problem of one particle. If the latter may be solved
explicitly, the solution of the many-particle problem
and as a result, the solution of the homogenization
problem may be also constructed in an explicit ana-
lytical form. One of those methods was proposed by
James Clerk Maxwell in 1873. In his famous book
“A Treatise on Electricity and Magnetism” [5], Max-
well calculated effective conductivity of a homoge-
neous medium containing a set of spherical particles
with other conductive properties. In this method, N
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particles are placed into a spherical region of the ra-
dius R in an infinite matrix material. It is assumed
that every particle inside the sphere is subjected to
the external electric field applied to the composite
medium. Thus, at the first look, this hypothesis ne-
glects interactions between the particles. Then, a
homogeneous sphere of the same radius R with the
effective properties of the composite is embedded
into the infinite matrix phase and subjected to the
original external field. The conductive properties of
this sphere (the effective properties of the compo-
site) are to be chosen in such a way that the far fields
from the spherical region with many spheres and
from the homogeneous sphere will be the same. As
a result, Maxwell derived the equation for the effec-
tive conductivity ¢, of the composite that is known
in literature as the Maxwell — Garnett formula

3pCO(C—C0)
3¢, +(1=p)ec—c,)

In this equation, ¢ is the conductivity of the ma-
trix phase, c is the same for the inclusions, p is the
volume fraction of the inclusions. Maxwell himself
understood restrictions of this equation and declared
that it serves only for small volume fractions of the
inclusions. Nevertheless, later on, in the works of
Clausius, Lorenz, Lorentz, and other authors, the
same equation was obtained by self-consistent meth-
ods that apparently took into account the inclusion
interactions. Moreover, the experimental measure-
ments have shown good agreement of this equation
with experimental data by rather high volume frac-
tions of spherical particles p = 0,3-0,35, when inter-
actions cannot be neglected. Many authors were sur-
prised for these results, and till present time, the fact
that the equation obtained from the hypothesis of non-
interacting inclusions takes into account such interac-
tions does not have any satisfactory explanation.

In the present work, the Maxwell method is ex-
tended to the case of homogeneous anisotropic me-
dium containing a random set of ellipsoidal homo-
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geneous anisotropic inclusions. It is shown that the
Maxwell method allows deriving the equations for
the effective conductivity constants that coincide
with the equations obtained by other self-consistent
methods. The advantage of the Maxwell scheme is
that it is the most simple and straightforward way
of the solution of the homogenization problems for
matrix composites.

THE MAXWELL METHOD

We start with the homogenization problem solved
by J. C. Maxwell in [5]: prediction of the effective
conductivity of the homogeneous isotropic material
with a set of spherical inclusions. The detailed de-
scription of the original Maxwell method may also
be found in [4], [5]. Below, the method is presented
in a modified form that simplifies derivations and
allows extention of the method to the case of ellip-
soidal anisotropic inclusions.

One-particle problem

The basic point of the Maxwell method is the
problem for a single spherical inhomogeneity em-
bedded into a homogeneous matrix material and
subjected to a constant external field (the one-parti-
cle problem). The field £ (x) and the field flux J(x) in
the medium with the inclusion satisfy the following
system of partial differential equations

ViJi(x)==q(x), J,(x) =C;(0E;(x), E;(x)=V,p(x). (2.1)
Here V. = 0/ 0x, is the Nabla-operator, x(x,, x
x,) isa point in 3D-space, ¢(x) is the scalar potentlal
of the field, C, (x) is the tensor of the medium prop-
erties, and ¢ is the density of the field sources. For
the electrostatic problem, E(x) is the electric field,
J(x) is the electric dlsplacement C (x) is the tensor
of dielectric permittivity, ¢(x) is the potential of the
electric field. For the electro conductivity problem,
E (x) is the electric field, J(x) is the electric current,
(x) is the tensor of the electric conductivity. For
the thermo conductivity problem, E(x) is the gra-
dient of the temperature field, J(x) i is the heat flux,
C j(x) is the tensor of thermo conduct1v1ty
Let V(x) be the characteristic function of the re-
gion V occupied by the inclusion

{ 1
V(x)=

whenxeVlV ' 22)

0 whenxegV

If ¢} is the property tensor of the homogeneous
host medium, the tensor C,(x) in equation (2.1) is
presented in the form

C,(x)=C)+C)V(x), C;=C,-C,

ijo

2.3)

where C,(x) is the tensor of the inclusion conductivity.
Using (2.3) we can rewrite the first equation (2.1) as:

V.CV p(x)=-q(x) -V ,CV(X)E, (x). 24)

iy

Applying the inverse operator (V,C;V )" to both
parts of this equation we transform the latter into the
equivalent integral equation:

P(x) = 9" (x) + [V,G(x — x)CLE, (x)dx'. (2.5)

Here ¢°(x) is the “external” field that would have
existed in the medium without the inclusion. This
field satisfies the equation

vici;]vj¢0 ()C) = —‘](x) (26)
and imposed conditions at inﬁnity G(x) is the Green
function of the operator V,C;'V . For the infinite me-

iy

dium and in the case of its arbltrary anisotropy this
function has the form [3]:

- ( )’ F(x)=,/(detC")x,B)x,, B) =(C;)". (2.7)

Application of the gradient operator to both sides
of equation (2.5) yields:

E (x)=E'(x)— [K, (x—x)C}E,(x)dx',
K,(x)=-V,V G(x), E'(x)=V,0'(x).

If the materials of the matrix and inclusion are
isotropic

G(x) =

2.8)

C =c0,, C,=cb, Gx)= ! , r=|x, 2.9
4rcr
equation (2.8) takes the form
E(x)=E'(x)+(c—¢,)[K,(x—x)E (x")dx" (2.10)

Suppose that the external field E’(x) is constant.
When x € V and the region V is a sphere, the solution
of this equation is also constant and has the form [4]

3¢
E = o _E' (xel). 2.11
" 2¢c +c ' ( ) @10

0

If the field inside the region ¥ is known, the field
in the medium (x ¢ V') can be reconstructed from the
same equation (2.10).

The Maxwell scheme

Let N identical spherical inclusions of the radii
a and conduct1v1ty ¢ be embedded inside a large
sphere V' of the radius 4 in an infinite medium with
conductivity c,. (“Large” means that 4 >> a, see
Fig. 1).
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Fig. 1. The scheme of the Maxwell approach to the
homogenization problem
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Assume that the field E’ applied to the medium
is constant. The presence of the inhomogeneous
sphere ¥ disturbs the applied field E" that can be
evaluated by two different ways. Flrst the far field
induced by the small spheres is presented as

E(x)=E'+ cnc j Y[V, V ‘E (x")dx',
k=1

(2.12)

where v, is the region occupled by the k-th sphere.
The sum in the right-hand side can be calculated if
the fields inside the inclusions are known. To find
these fields let us consider each small sphere as a
single one subjected to the external field £’ . In this
case, the fields inside the spheres are constant and
determined by Eq. (2. 11) Hence, far from the center
of the large sphere ¥, the sum in Eq. (2.12) is as

follows
- vy &1 (5 _3, m (_“)3(0 c)E
! 4-7Z'k1R3 / 2¢ + 7 (213)
n.“":K v=i7m3. '
" R’ 3
Here R, is the distance from the observation

point x and the center of the sphere v,. Because
all the small spheres are practically at the same
distance from the far-distant observation point x,
R, =R, where R is the d1stance between x to the
center of the large sphere V'*, we have

A
Nv (6,-3n A)3(C CO)E‘7, w =R 014
2¢,+c R

E ~ -
4rR;
Second, the disturbance of the far field by the
large sphere V" may be treated as the field distur-
bance of a homogeneous sphere ¥ with an effec-
tive conductivity ¢*. The disturbance caused by such
a sphere at the same point x is

V (5 3AA)3(C C)EO
2¢c, +c

0

A

E =
" 4zR

2.15)

Equating the disturbances £ and E in Eqs
(2.14) and (2.15) we derlve the equatlon for the ef-
fective conductivity ¢*

ple—c,) _
c+2c,

¢ —c, Nv
w s P=—r.
¢ +2c, Vv

(2.16)

The solution of this equation with respect to ¢*
yields

c;_l+2p,8
G l_pﬂ’

The latter coincides with well-known Clausius-
Mossotti equation (in dielectric context) or Maxwell-
Garnet equation (in conductivity context), and also
Lorenz-Lorentz’s equation (in refractivity context).

An obvious drawback of Maxwell scheme is that
each sphere is considered as a single one subjec-
ted to the external field £/ applied to the medium.
Strictly speaking, Eq. (2.11) is correct only in the di-

p="5% 2.17)
c+2c¢,

lute limit p << 1. In spite of this, equation (2.17) co-
incides with the expression for the effective conduc-
tivity of the composite with random set of spherical
inclusions derived by the effective field method that
takes into account interactions between the inclu-
sions (see, €. g., [2]).

Note, that using the integral equation (2.8) instead
of the differential equations (2.1) allows extending
the Maxwell scheme to the case of the composites
with anisotropic matrices and ellipsoidal anisotropic
inclusions. Let the region Vin Eq. (2. 11) be ellipsoid
with semi-axes a, a,, a,. If x € V'and E! is constant,
the field £ inside ¥ is also constant and is deter-
mined by the expression:

=(6, + 4,(a)C, ) 'E" .18)
Here A4 (a) is the tensor with constant compo-

nents that is presented as an integral over the unit
sphere Q in 3D-space:

4,(a) =$J'K;(a’1k)d9, K, (k)= , (2.19)

where K , (k) is the Fourier transform of the kernel
K (x) in Eq (2.11); k is the Fourier transform para-
meter; a = (a) is a linear transformation that con-
ij

verts the ellipsoid V into a unit sphere. For an iso-
tropic host medium, tensor 4, (a) has the symmetry
of ellipsoid and its three pr1n01pal components have
the form:

_aa,a,t dd
2C, 5 (a} + (@] + ) al + ) al +¢)

(k =1, 2, 3) and are expressed via the standard el-
liptical integrals.

Application of the Maxwell method to the case
of ellipsoidal inclusions yields the following expres-
sion for the tensor of the effective conductivity C;:

,(2.20)

S

C; = Ci? +ch, (5kf - CAk[PI/ )71’ (2.21)
where
1 |
P, = Wa)C, (8, +4,,(@)C})"),
<V(“)>< ) 2.22)
w(a) = 7ra a,a,

and the averaging is performed over the ensemble
distribution of the ellipsoid semi-axes, their orienta-
tions and orientation of their principal anisotropic
axes; tensor A4 is determined by the same formula
2. 19) where the transformation a, is the identical
one (a, = 0, )

In ¢onsidered examples, a spherical form of the
region V¥ was accepted. It was mentioned in [1] that
taking 7 in the form of an ellipsoid it makes it pos-
sible to describe the properties of a broader class of
the composite materials. But the choice of the ellip-
soid aspects is not unique. In other words, possibil-
ity to vary the form of the region V* demonstrates
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ambiguity of the Maxwell scheme. But for some
cases, this choice of aspects of the ellipsoidal region
V4 may be justified.

Let us consider a composite with isotropic ellip-
soidal inclusions of the same orientation (Fig. 2).

Fig. 2. The Maxwell scheme for the medium with ellipsoidal
inclusions of the same orientations

In spite of isotropy of the matrix phase the mac-
ro properties of the composite will be anisotropic.
It seems reasonable to take for the region 7* not a
sphere but an ellipsoid which aspect ratio and orien-
tation coincide with those of the inclusions. In this
case the Maxwell scheme leads to the following ex-
pression for the effective conductive tensor

* 0 1 1T
C=Cj+pCi[8,+A-PA@C] - (33

Again, this equation coincides with ones ob-
tained by other homogenization methods in which
the interactions between inclusions were taken into
account.

Let us consider, for example, transversely isotro-
pic medium with the property tensor in the form

0 _ 0 0 _
C,=C\0,+Cimm, 6 =6 —mm, (224)

where m_ is the unit vector along the isotropy axis.
The medium contains a set of identical spheroidal
inhomogeneities (@, = a, = a, a / a, = y) and all spher-
oid semi-axes a, are directed along the vector m,
(the x, — axis). We assume additionally that material
of the inclusion is also transversely isotropic with
symmetry axis coincides with semi-axis a,. In this

case, the integral Aij in (2.19) is calculated in the ex-
plicit form

A, =40, + A,mm,

(2.25)

2 20
e
11 11 (2.26)

1

fia S,
Cll

4, {Izln(’“lj—l}
c 27 (a-1
And general formula (2.23) gives the following

expression for the components of the tensor C;
C; =C

2.27)

0, +Cymm_,

1y

Cl*l = Clll + pClll [1 +(1- p)AICIII ]71 s

Clll = Cl] - C101 )
C.,=Cl.+pC.l+a-pac.]’, @2
CSI3 = C33 - C33.

Note, that these expressions are also valid for
complex 4.

CONCLUSIONS

It is shown that the Maxwell method allows de-
riving the well-known equations for the effective
conductive properties of the composite materials in
the most simple and straightforward way. Neverthe-
less, the method contains an ambiguity connected
with the choice of the shape of the region }J” . This
ambiguity cannot be avoided in the frame of the
method itself. This defect is overcome in the self-
consistent effective field method developed in [2]. In
this method, the tensor A(a) in Eq. (2.23) is defined
uniquely by the correlation function of the random
set of inclusions. This correlation function is addi-
tional and important information about the random
field of inclusions in the composite.
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