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ON APPLICATION OF WEAK REGENERATION IN SIMULATION OF COMPLEX
INVENTORY CONTROL SYSTEMS*

A complex inventory control system is represented as a queuing system with the purpose to estimate steady-
state characteristics for total average cost. Stochastic processes describing the behavior of this system and
its regenerative structure are investigated. The weak regeneration approach for the system simulation and

estimation of characteristics is used.
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INTRODUCTION

Inventory control management is very important
for every complex manufacturing or logistic distri-
bution enterprise. Efficiency and effectiveness of in-
ventory control management can greatly minimize
the financial losses. The objective of controlling and
managing the inventories is to determine and main-
tain the right amount of investment in the inventory
and the manufacture.

One can create some safety stocks of inventory
for decreasing costs associated with the possible
shortage. On the other hand, the supplementary
stock increases the holding costs. According to this,
the typical problem that usually comes up is precise
determination of the optimal volume of the ordered
items as well as orders frequency. In this context an
inventory order policy can generally be divided into
two parts: determining the order quantity, i. e. the
amount of inventory that will be purchased or pro-
duced with replenishment or determining the reor-
dering point, when the inventory is low but can still
meet the customer demands and new supplies arrive
just in time before the last item is sold.

When analyzing a stochastic inventory control
model [7], [8], [9], the following objective can arise:
minimization of average total costs per time unit,
and, as a consequence, minimization of waiting
times for a demand at every location/echelon.

In this context the authors pick out the following
problem: to estimate the average total waiting time
for a demand in the system for a regeneration cycle
and confidence interval limits for this time. A pe-
riod between two consecutive regeneration points is
taken as a regeneration cycle for the system. At these
points a demand passes through the system without
any collision with other demands, i. e. the system
is idle at such points. However, this requirement is
too restrictive. Moreover, efficiency of such type
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of simulation can be quite low, as a location cannot
start to service the next demand while the service of
the current demand is not completed. To avoid this,
the weak regeneration points for a location/echelon
will be considered, i. e. such points that a demand
passes through the system without collision at every
location/echelon. In other words, a location/echelon
can be busy at a previous instant, but will be idle at
a current instant when a demand tries to enter this
echelon.

To be able to estimate the regeneration points, the
inventory control system is analyzed from the view-
point of a queuing system. The weak regenerative
approach is used, which has been investigated for
simulation and estimation of steady-state character-
istics of queuing networks [1], [5], [6], and an inven-
tory control system [7].

The paper is arranged as follows. The main defi-
nitions of regeneration phenomena are stated in the
first part. The model of the complex inventory sys-
tem under consideration is described in the second
part. The third part is devoted to the regeneration
structure of the given system.

DEFINITIONS OF REGENERATION PHENOMENA

Consider a d-dimensional right-continuous real-
valued stochastic process X = {X(¥), t € T}, where
T=1[0, ) or T'=N, with state space {R“, B}.

The process X is called weak regenerative with
regeneration points f = {f}_, if for each /, the post-
process {X (7), 1 =2 f3,, (,B[%fﬁ])k> } does not depend
on the pre-history {X(), 1< B, ... B}, 1> 2 and
its distribution is dependent on / > 1.

The sequence {4} ., forms the embedded renewal
process {a, = B, —B,},., of regeneration cycle lengths
(we assume a zero—déiayed case when f, = 0), and
I-th regeneration cycle of the process X is defined as

G, :{X(t):lgz St<ﬂ1+1; a, :ﬂm _:8/}-
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In a weak regeneration case the cycles G, are
identically distributed and dependent in general In
most typical cases dependence in a queuing process
may be reduced to one-dependence, in which case
{G . s and {G, } . are independent, but G, G, |
may be dependent. T e process X is classic regen—
erative if the cycles {G },. , are independent.

Assume that a Weak limit X of the basic re-
generative process X exists. To estimate stationary
characteristics » = Ef(X ), we introduce the 1. 1. d.
variables

Bl

v=% lx

Assuming E(Y, + & )* < co. It is the weakest con-
dition for confidence estimation based on the regen-
erative approach to be held, [4]. Then the following
well-known ratio r = EY, /Ea holds.

In a classical regeneranon case, the Central Limit
Theorem (CLT) gives the followmg asymptotic (1 —
2y)% confidence interval for

S(N) }

ry Tz
N 7 —
|: lea.v

where r, =Y /o, a,, o, and 7N are sample means
of {a,} and {Y jrespectively, z is selected so that
P(NQO,]) <z) =1 -y and the sample variance

S*(N)=Y,; +ria; -2r,S} — o with probability 1
as N — oo, where

o’ =EU} =VarY, + r’Vara, —2r-cov(¥,,a,). 3)

DU, =Y, —ra,,l>1, M

@

As we have discussed the weak regeneration in a
queuing system is usually reduced to the one — de-
pendence, in which case,

EUU,)=cov(Y, - ra,,Y, —ra,)=cov(Y,,Y,) - rcov(a,, Y, ). (4)

Thus, the CLT for the one-dependent variables
gives us the following (1 — 2y)% confidence interval

for r
L 28 (V) +2(, (V) - 1,1, (V)

- G
‘ JNa,
where #,(N), t,(N) are standard estimates of cov(Y,

Y), and cov(oc Y), respectively, [1], [3]. Also with
probablllty lasN— 0,

S*(N)+20,(N)=-rt,(N) > e, ©)
where now o> = VarU, + 2E(U,U,) [2].

MODEL DESCRIPTION

We consider the complex inventory control sys-
tem which has to satisfy a demand for a final prod-
uct and represents a manufacturing and assembly
process for a subassembly The system contains m
echelons, every i-th echelon consists of 7, locations
(producers) except the first echelon (a retailer), i =

=1, XL n, =M. Each location produces
only one component This system is the so called

convergent multi-echelon system and is character-
ized by the property that a location is supplied by one
or more previous locations (predecessors), and sup-
plies exactly one location (a successor), as is shown
on Figure. Here the first number by every location is
the number of an echelon, and the second one is the
number of a location within the echelon.

The described system is able to produce K types
of production. Each type of production demands
a set of components which are produced at corre-
sponding locations. For every type of production
the retailer defines the route containing the required
components (locations) and the amount of inventory
materials supplied for every producer. The retailer
immediately forwards a demand to the producers
with respect to a given route. In other words, there
are K routes in the system.

The order lead time consists of the production
times at each location and transshipment times be-
tween locations plus possible delays (waiting times
and delays of materials supply). The interarrival
times of demand orders to retailer are assumed to
be independent and identically distributed random
variables (i. i. d.). The same we assume for produc-
tion times at locations, materials supply delays and
transshipment times between locations.

Echelon m Echelonm — 1 Echelon 2 Echelon 1

Producers Sub- Sub-
assemblers

Retailer (Final
assembler)

Demands
input, 7.

Number of
echelon,

assemblers

Aqddns sjeuajew mey

Number of

location

m— 1,1

Multi-echelon manufacturing system

To estimate the performance of the given system
we assume the following cost factors: cost function
C"for transshipment from i-th echelon to (i — 1)-th
echelon per time unit, waltlng time cost C!"/’per time
unit at location j of echelon i J=1,..,n, i=2,..,m
and shortage cost C',j =1, ..., n 'We remark that
waiting time cost means cost for cfelays at locations
due to collisions with other demands. Shortage cost
is cost for delay of demands at the retailer because of
inventory materials deficit.

For steady state expected cost TAC we have
now:

TAC = ZZC“ W+ ZC“’Z + ZC“ ",
i=1 j=1
where Z is the average transshipment time per loca-
tion, Vis the average delay time per location, and W
is the average waiting time per location.
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REGENERATIVE STRUCTURE

As for estimating the average values used in TAC
the weak regeneration approach is applied, let’s de-
scribe the regenerative structure of the given inven-
tory control system.

Let ¢ be the arrival time of n-th demand at ech-
eloni, 7" =¢" —¢",i=1, ..., m, i i d. interarrival
times of demands at echelon i w1th rate /.

Let S!*” be the production time of - -th demand at
location ] ofecheloni,i=1,...,m;j=1,..,m,S"
the production time of n-th demand at ﬁrst echelon.
We assume that all locations of i-th echelon have
identical production time with rate z, =1/ES".

Let z” be the transshipment time of n-th demand
between echelon i and echelon (i-1), i =2, ..., m, and

v be the delay time of n-th demand due to materials
dehvery to j-th producer, j =1, ..., n .

We denote 7, = (5:” 5 ‘””) the route of
n-th demand, I € I, where I, is a set of routes,
s =(5,...,59),i=2,..,m,and 5 =1, ifj-th
location of i-th echelon is part of n-th demand route,

and 0 otherwise.
If the known condition

A
= ——<Li=l...m, @)

max /i,
j=1..., n;

— t(i)

holds and moreover

P[rf” > Z([ max S+ Z v‘”) S+ zf”) + Sl‘”) >0, (8)
=2\ \\ /=l =1
then a positive recurrent renewal process of classi-
cal regeneration points of the system exists, and the
system is idle at such instants. However, such points
are generally too rare in real inventory systems, and
the following weaker assumption

Pt > 50)> 0, Ple? > max (500 +v )5 ),

(1) (.7) (. ; (9)
P(z'1 > max (Sl”-’ oy ))> 0,i=2,...,m-1
seems more suitable. Under assumptions (1), (3) one
can construct weak regeneration points so that a de-
mand can cross the system without collisions.

To motivate our interest to the weak regeneration

approach, we remark that if ZP <1, then condition

(2) holds and classical regeneratwn may be accepta-
ble for estimation [6]. However, in a complex inven-
tory control system with a large number of echelons

the assumption Z P, >>1 seems more natural.

An 1mportant problem which arises in simulation
practice is how to identify efficiently weak regenera-
tion points during simulation. Fortunately, one can
indicate a wide class of the renovating events that
allow us to do it for a given inventory system.

Consider the process {W =wo,. . wm )}, wis
the current unfinished workload When n-th demand
arrives at echeloni, i=1,....m, n>1.

Fix some vector a = (@, .., a ), a,>0,i=1, ...,
m (and suppress the dependence on g, in notations).
Define the following events

(0 > a,:

S @i.j) (i.)) P — .
S, >a2,jglo>§(S” -0, )>a,,z—3,...,m,

(a) _
QH -

) ) .
VVH*I + SW*I < al >

wh+SY +w™ max (S,‘ DLs ”)<a +a,;

n—1

W+ S0+ + max (87 -

n=1

5("’”)

n=1

(10)

+Wo max (Sf,f’l"‘“ -§"‘L"I""”)< a +a,+a,;

M-l

W(l) +S(1)

n-1 n—1 n-1

+ Z(W‘} + max (S“ st “))< iai }

The main idea underlying the events is that on
the event Q demands n, n + 1, ... cross the inven-
tory system along the given route without collision
with demands 1, 2, ..., n — 1. The presence of the
“barriers” a, is actually necessary to guarantee one-
dependence of the regeneration cycles [1], [5], [6].

Define recursively the points

B =0;

@ —minfk:z, > B, event Q" occured), n> 0.

n+l

(11

Then points { ,j‘”} form a positive recurrent re-

newal process of weak regeneration points for the
current workload process W = {W , n > 0.

Unfinished current workload W at each ech-
elon 7 can be easily computed through well-known

Kiefer-Wolfowitz recursion which for our case has
the following form:
W = (W“) + max (S(’” 5“”) z’i”)‘,n >0.

n+l Jj=1,.

CONCLUSIONS

In the present paper the authors investigated sto-
chastic processes stipulating behavior of the complex
inventory control system. The regenerative structure
of the given system was described. The weak regen-
eration cycle length and 95 % confidence intervals
for average waiting times of demands were estimat-
ed using the proposed approach. Obtained regenera-
tion points can help a decision-maker in controlling
the stochastic process of demand service. One can
postpone a demand service starting time until the
next regeneration point so that the total waiting time
for this demand will be minimal, and average total
costs per time unit will tend to minimal as well. It
results in a smoother business operation and an opti-
mized utilization of resources and manpower.
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