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ON A LENGTH OF THE CONTINUED
FRACTION’S PEERIDD

B craThe naHa ONCHKA KOAMYECTBA uvicen d u3
OTpe3Ka HaTypaJbHOIO pAAa, ANA KOTOPHIX Henpe-
puIBHAA ApoGL AnA vd nueet Goabmott nepuo.

Let L(d) be the length of the continued fraction’s period of v/d for d
that isn’t a square of an integer. Let p be a prime number, N, P,Q,k,r,s -
natural numbers.

From the results of E.V.Podsypanin [1] it follows

L(d) = O(Vd log d).
From the results of E.P.Golubeva (2] it follows
I{d) = o(/dL(,x)279),

where x is a character of the quadratic field Q(\/a), w(d) is a number of
prime divisors of d.

In the paper [3] has been proved that for any real K > 0 and for
sufficiently great N the pumber of integers d, N < d < 2N, for which
L(d) > K+v/d don’t exceed cN/ log K with absolute constant c.

The irrational ;

-P+Vd

§= ) 0

where P and Q sutisfy to the congruence

P*=d (modN) (2)

ls called reduced if 0 < £ < 1 and conjugate number ¢ < -1,
=(P- Vd d)/Q. By other words, £ is reduced if

0<P<vVd, Vi-P<Q<Vd+P (3)
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Let's note that the continued fraction‘s remainders have form (1) and
satisfy to conditions (2) and (3).

Let H(d) denote a number of the all reduced irrationals of form (1)
with the same d. The quantity H(d) equel to the lengthes sum of the
not equivalent in pairs quadratic irrational's periods.

In this paper will be proved the following theorems.

Theorem 1. For any N

N”’+0(N)< Z H(d) < 4V2N*/?
d=N+1

with the absolute constant into the symbol O.
Theorem 2. For any Nand real K > 0

#{4|N<d<2NL(d)>Kf}<4f

Proof of Theorem 1. The quantity H(d) equal to a number of all
pairs (P,Q) of P and Q satisfying to inequalities (3) and to congruence
(2).

Let p(d, Q) denote the number of solutions of congruence (2). Then

2N 2N
Y By Y Y e4,Q)

d=N+1 d=N+1 0(0(1\/1

Let‘s change the order of summing in the right part:

2N 2N
Y Has. ¥ Y i) (4)
d=N+1 0<Q<3vaNd=N+1

We have increased the region of the variation of d for values Q@ > V2N,
This permutation of the sums as a matter of fact is using of the quadratic
reciprocity law.
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Let‘s consider the interior sum of the right part of (4).

2N [N/Q]+1 N+kQ
Y AdQ< Y Y edQ) (5)
d=N+1 k=1 d=N+(k-1)Q+1

where [z] is an entire of real z. Let S(k,Q) be_the interior sum of the
right part of (5). Let § = (d,Q) = rs?, d; = d/6, Q1 = Q/5, where r is
a square-free integer. We are need in the following lemma now.

Lemma. Congruence (2) is solvable if and only if d is ¢ quadratic
residue modQ, and (r,Q,) = 1. In this case there ezist 3 solutions of
congruence (2)for every solution of the congruence

ra’s= d (modQ,) (6)

Proof. An existance of a solution of congruence (6) is nesessary
anc sufficient for a solvable of congruence (2). Let (6) is solvable. Then
(r,@1) = 1. If r' is an inverse element for r in the multiplicative group
in the ring of residue classes modQ, then dyr’ is a quadratic residue
modQ,. But v’ is a quadratic residue if and onli if r is a quadratic
1€o1due. 1icnic 2,7 i 2 quadratic residue, Thus d is a quadratic residue
mon,.

Inversly, if d is a quadratic residue modQ, then d/s* is the same
thing. Let‘s suppose that (r,@,) = 1. Then there exists ' that rr' =
1(modQ,) and d,r' is a quadratic residue modQ,. Therefore, congruence
(6) is solvables and congruence (2) is solvables too. The first statement
of the lemma has proved.

Let 2o be any solution of congruence (6). Put
P=rszp+krsQ;, 0<k<s. ; (7)
It‘s clear that these numbers are not congruenced modQ. Furthermore
P? = (rszo)? + 2rzoQk + k*rz0QQ; = (rszo)? = d(modQ).

Thus for every solution zy of congruence (6) formula (7) gives the s
distinguish solutions of congruence (2). The lemma has proved.
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" Using the lemma we'll find the quantity n(4,Q) of the numbers d
with the fixed § = (d, Q) for which congruence (2) is solvables.

Owing to the square-free factor r of the integer d is fixed the num-
ber such d is defined by the number of quadratic residues or non-residues
modQ, provided that r is a quadratic residue or non-residue correspon-
dently.

For every piime factor p of Q, there are ';—’ such numbers modp

and there are ﬂ‘;—u such numbers modp®. There are $(Q;)/2“(9") such
numbers modQ, for an odd integer Q;. Here ¢(n) is the Euler's fonction
and w(n) is-a number of prime factors of an integer n.

If Q; containes 2* with maximum k, then the correspondent condi-
tions have the form:

d = r(mod2™), m = min{k,3}.
Hence
n(6,Q) = ¢(Q1)2"9) if Q, isoddor @y = 4(mod8),

n(5,Q) = #(Q1)27 49 if Q, = 2(modd),
n(8,Q) = ¢(@1)219)1 if @, = 0(mod8).

If for given d and Q congruence (2) is solvable then owing to the
lemma for a number of the solutions we shell have:

p(d,Q) = 295 if Q, = 1(mod2) or Q, = 4(mods),

p(d,Q) = 24915 if Q, = 2(mod4),
'_p(d,Q) = 29@)H, if Q, = 0(mod8).
From this we get:

Q

N T B 9(5)- - (8)

ra2|Q,(r,Q/re?)=1

o a Ao s aoacioan il
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Let's denote u the production of the primes p which divide Q but p?
don‘t divide Q and v = Q/u. Then-

(1,v/ts?)=1
S(k, Q)—}:Zﬂ %) Y (5 ,)—
?lv rlw Iy

(t,0/0)=1

v, Y ) uZ« =w=4q.,

3lv  t|v/e?

Owing to (4) and (5) we find:

N
:‘: HA<N Y (l+—)<4fN’/’

d=N+1 Q(z\/—ﬂ

The right part of the inequality of theorem 1 has proved.

For the the proof of the left part inequality we shell take into ac-
count only that pairs (P,Q) in the reduction regnon that satisfy. to the
conditions

0<Q<v’§, v’E—Q<P<\/¢1

®

In this case
aN N ;
MO ¥ 3L MeQ)
d=N+1 0<Q<VIN d=N+1,(4,Q)=1

The interior sum is estimated similarly to the same thing in (4):

(4,N)

Y o(d,Q) 2 [N/QIH(Q).

N<d<2N

Therefore
aN

Y Hd2 Y IN/QIHQ) = N +O(N).

d=N+1 0<Q<V3N
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“The theorem has proved.
Proof of theorem 2. Owing to I.(d) < H(d) theorem 1 implies

2N
Y L) <av2an /. (9)
d=N+1

TLet's choose any real K and denote n for a number of d in (9) for that
L(d) > K+Vd. Then incquality (9) implies

nKVN < 4V2N*/2,

From this inequality it follows the statement of theorem 2.
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